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SOME NEW GENERALIZED RESULTS ON OSTROWSKI TYPE
INTEGRAL INEQUALITIES WITH APPLICATION
1A. QAYYUM, 2M. SHOAIB, AND 1IBRAHIMA FAYE
Abstract. The aim of this paper is to establish some new inequalities similar
to the Ostrowski’s inequalities which are more generalized than the inequalities
of Dragomir and Cerone. The current article obtains bounds for the deviation
of a function from a combination of integral means over the end intervals cover-
ing the entire interval. Some new purterbed results are obtained. Application
for cumulative distribution function is also discussed.
1. Introduction
In 1938, Ostrowski [13] established an interesting integral inequality associated
with differentiable mappings. This Ostrowski inequality has powerful applications
in numerical integration, probability and optimization theory, stochastic, statistics,
information and integral operator theory. A number of Ostrowski type inequalities
have been derived by Cerone [1], [2] and Cheng [3] with applications in Numerical
analysis and Probability. Dragomir et.al [5] combined Ostrowski and Gru¨ss inequal-
ity to give a new inequality which they named Ostrowski-Gru¨ss type inequality.
Milovanovic´ and Pecaric´ [12] gave the first generalization of Ostrowski’s inequal-
ity. More recent results concerning the generalizations of Ostrowski inequality are
given by Liu [11], Hussain [10] and Qayyum [16]. In this paper, we will extend and
generalize the results of Cerone [1] and Dragomir et.al [5]-[8] by using a new kernel.
Let S (f ; a, b) be defined by
S (f ; a, b) := f (x)−M (f ; a, b) , (1.1)
where
M (f ; a, b) =
1
b− a
b∫
a
f (x) dx (1.2)
is the integral mean of f over [a, b]. The functional S (f ; a, b) represents the devia-
tion of f (x) from its integral mean over [a, b] .
Ostrowski [13] proved the following integral inequality:
Theorem 1. Let f : [a, b] → R be continuous on [a, b] and differentiable
on (a, b) , whose derivative f ′ : (a, b) → R is bounded on (a, b) , i.e. ‖f ′‖∞ =
1991 Mathematics Subject Classification. 2010 Mathematics Subject Classification : 26D07;
26D10; 26D15.
Key words and phrases. Ostrowski inequality, Cˇebysˆev-Gru¨ss inequality,Cˇebysˆev functional.
This paper is in final form and no version of it will be submitted for publication elsewhere.
1
2 1A. QAYYUM, 2M. SHOAIB, AND 1IBRAHIMA FAYE
supt∈[a,b] |f
′ (t)| <∞, then
|S (f ; a, b)| ≤
[(
b− a
2
)2
+
(
x−
a+ b
2
)2]
M
b− a
(1.3)
for all x ∈ [a, b].
In a series of papers, Dragomir et al [5]-[8] proved (1.3) and some of it’s variants
for f ′ ∈ Lp [a, b] when p ≥ 1, for Lebesgue norms making use of a peano kernel.
If we assume that f ′ ∈ L∞ [a, b] and ‖f
′‖∞ = ess
t∈[a,b]
|f ′ (t)| then M in (1.3) may
be replaced by ‖f ′‖∞ .
Dragomir et al [5]-[8] utilizing an integration by parts argument, obtained
|S (f ; a, b)| (1.4)
≤


1
b−a
[(
b−a
2
)2
+
(
x− a+b2
)2]
‖f ′‖∞ , f
′ ∈ L∞ [a, b] ,
1
b−a
[
(x−a)q+1+(b−x)q+1
q+1
] 1
q
‖f ′‖p , f
′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,
1
b−a
[
b−a
2 +
∣∣x− a+b2 ∣∣] ‖f ′‖1 , f ′ ∈ L1 [a, b] ,
where f : [a, b]→ R is absolutely continuous on [a, b] and the constants 14 ,
[
1
q+1
] 1
q
and 12 are sharp. In [14], Pachpatte established Cˇebysˆev type inequalities by us-
ing Pecaric´’s extension of the Montgomery identity [17]. Cerone [1], proved the
following inequality:
Lemma 1. Let f : [a, b]→ R be absolutely continuous function. Define
τ (x;α, β) := f (x)−
1
α+ β
[αM (f ; a, x) + βM (f ;x, b)] , (1.5)
where
|τ (x;α, β)| (1.6)
≤


1
2(α+β) [α (x− a) + β (b− x)] ‖f
′‖∞ , f
′ ∈ L∞ [a, b] ,
1
(α+β)(q+1)
1
q
[αq (x− a) + βq (b− x)]
1
q ‖f ′‖p
, f ′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,
1
2
(
1 + |α−β|
α+β
)
‖f ′‖1 , f
′ ∈ L1 [a, b] ,
where the usual Lp norms ‖k‖pdefined for a function k ∈ Lp [a, b] as follows:
‖k‖∞ := ess sup
t∈[a,b]
|k (t)|
and
‖k‖p :=

 b∫
a
|k (t)|
p
dt


1
p
, 1 ≤ p <∞.
3With the help of two different kernels (1.7) and (1.9) given below, we extended
the version of Cerone [1] and Dragomir’s result [5]-[8].
Lemma 2. Let P (x, .) : [a, b]→ R, the peano type kernel is given by
p(x, t) =


α
α+β
1
x−a
[
t−
(
a+ h b−a2
)]
, a ≤ t ≤ x,
β
α+β
1
b−x
[
t−
(
b− h b−a2
)]
, x < t ≤ b,
(1.7)
Then,
|τ (x;α, β)| =
1
α+ β

 αx−a
{
x−
(
a+ h b−a2
)}
− β
b−x
{
x−
(
b− h b−a2
)}

 f (x) (1.8)
+
h
α+ β
(
b− a
2
)(
α
x− a
f (a) +
β
b− x
f (b)
)
−
1
α+ β

 α
x− a
x∫
a
f (t) dt+
β
b− x
b∫
x
f (t) dt


≤




α
x−a
{
(x−a)2
4 +
[(
a+ h b−a2
)
− a+x2
]2}
+ β
b−x
{
(b−x)2
4 +
[(
b− h b−a2
)
− x+b2
]2}

 1(α+β) ‖f ′‖∞
, f ′ ∈ L∞ [a, b]


αq
(x−a)q
{(
x−
(
a+ h b−a2
))q+1
−
(
ha−b2
)q+1}
+ β
q
(b−x)q
{(
b−
(
x+ h b−a2
))q+1
−
(
ha−b2
)q+1}


1
q
1
(q+1)
1
q (α+β)
‖f ′‖p ,
f ′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,


(α+ β)− h b−a2
[
α(b−x)+β(x−a)
(x−a)(b−x)
]
+
∣∣∣(α− β) + h b−a2 [β(x−a)−α(b−x)(x−a)(b−x) ]
∣∣∣

 ‖f ′‖12(α+β) .
Lemma 3. Denote by P (x, .) : [a, b]→ R the kernel is given by
P (x, t) :=


α
2(α+β)(x−a) (t− a)
2 , a ≤ t ≤ x,
β
2(α+β)(b−x) (t− b)
2 , x < t ≤ b,
(1.9)
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Then,
|τ (x;α, β)| (1.10)
=
1
2 (α+ β)
[α (x− a)− β (b− x)] f ′ (x)− f (x)
+
1
α+ β
[αM (f ; a, x) + βM (f ;x, b)] ,
≤


[
α (x− a)
2
+ β (b− x)
2
] ‖f ′′‖
∞
6(α+β) , f
′′ ∈ L∞ [a, b]
1
(2q+1)
1
q
[
αq (x− a)
q+1
+ βq (b− x)
q+1
] 1q ‖f ′′‖
p
2(α+β) ,
f ′′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,
(α (x− a) + β (b− x) + |α (x− a)− β (b− x)|)
‖f ′′‖
1
4(α+β)
, f ′′ ∈ L1 [a, b] .
Using a generalized form of (1.9), we constructed a number of new results for
twice differentiable functions. These results are given in Lemma 4 and theorem 2
which are more generalized by (1.8)-(1.10). These generalized inequalities will have
applications in approximation theory, probability theory and numerical analysis.
We will show in our paper an application of the obtained inequalities for cumulative
distribution function.
2. Main Results
We will start our main result with this lemma.
Lemma 4. Let f : [a, b] → R be an absolutely continuous mapping. Denote by
P (x, .) : [a, b]→ R the kernel P (x, t) is given by
P (x, t) =


α
α+β
1
x−a
1
2
[
t−
(
a+ h b−a2
)]2
, a ≤ t ≤ x,
β
α+β
1
b−x
1
2
[
t−
(
b− h b−a2
)]2
, x < t ≤ b,
(2.1)
for all x ∈
[
a+ h b−a2 , b− h
b−a
2
]
and h ∈ [0, 1] ,where α, β ∈ R are non negative
and not both zero. Before we state and prove our main theorem, we will prove the
following identity:
b∫
a
P (x, t)f ′′(t)dt =
1
2 (α+ β)
[
α
x− a
(
x−
(
a+ h
b− a
2
))2
(2.2)
−
β
b− x
(
x−
(
b− h
b− a
2
))2]
f ′ (x)
−
1
(α+ β)
[
α
x− a
(
x−
(
a+ h
b− a
2
))
−
β
b− x
(
x−
(
b− h
b− a
2
))]
f (x)
5−
1
α+ β
h
b− a
2
[
α
x− a
f (a) +
β
b− x
f (b)
]
+
1
α+ β
h2
(b− a)
2
8
[
β
b− x
f ′ (b)−
α
x− a
f ′ (a)
]
+
1
α+ β

 α
x− a
x∫
a
f (t) dt+
β
b− x
b∫
x
f (t) dt

 .
Proof. From (2.1), we have
b∫
a
P (x, t)f ′′(t)dt =
α
(α+ β)
1
x− a
x∫
a
[
t−
(
a+ h b−a2
)]2
2
f ′′(t)dt
+
β
(α+ β)
1
b− x
b∫
x
[
t−
(
b − h b−a2
)]2
2
f ′′(t)dt.
After simplification, we get the required identity (2.2). 
We now give our main theorem.
Theorem 2. Let f : [a, b]→ R be an absolutely continuous mapping. Define
τ (x;α, β) : =
1
2 (α+ β)
[
α
x− a
(
x−
(
a+ h
b− a
2
))2
(2.3)
−
β
b− x
(
x−
(
b − h
b− a
2
))2]
f ′ (x)
−
1
(α+ β)
[
α
x− a
(
x−
(
a+ h
b− a
2
))
−
β
b− x
(
x−
(
b − h
b− a
2
))]
f (x)
−
1
α+ β
h
b− a
2
[
α
x− a
f (a) +
β
b− x
f (b)
]
+
1
α+ β
h2
(b− a)
2
8
[
β
b− x
f ′ (b)−
α
x− a
f ′ (a)
]
+
1
α+ β
[αM (f ; a, x) + βM (f ;x, b)] ,
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where M (f ; a, b) is the integral mean defined in (1.2), then
|τ (x;α, β)| (2.4)
≤



 αx−a
{[
x−
(
a+ h b−a2
)]3
+
(
h b−a2
)3}
− β
b−x
{(
h b−a2
)3
+
[
x−
(
b− h b−a2
)]3}

 ‖f ′′‖∞
6(α+β) , f
′′ ∈ L∞ [a, b] ,

 αq(x−a)q
{[
x−
(
a+ h b−a2
)]2q+1
−
(
ha−b2
)2q+1}
+ β
q
(b−x)q
{(
ha−b2
)2q+1
−
[
x−
(
b− h b−a2
)]2q+1}


1
q
‖f ′′‖
p
2(2q+1)
1
q (α+β)
,
f ′′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,


α (x− a) + β (b− x)− h (b− a) (α+ β)
+h
2(b−a)
2
[
α
x−a +
β
b−x
]
+
∣∣∣∣∣
β (b− x)− α (x− a) + h (b− a) (α− β)
+h
2(b−a)
2
[
β
b−x −
α
x−a
] ∣∣∣∣∣


‖f ′′‖
1
4(α+β) , f
′′ ∈ L1 [a, b]
for all x ∈ [a, b] ,where ‖k‖ is the usual Lebesgue norm for k ∈ L [a, b] with
‖k‖∞ := ess sup
t∈[a,b]
|k (t)| <∞
and
‖k‖p :=

 b∫
a
|k (t)|
p
dt


1
p
, 1 ≤ p <∞
Proof. Taking the modulus of (2.2) and using (2.3) and (1.2), we have
|τ (x;α, β)| =
∣∣∣∣∣∣
b∫
a
P (x, t)f ′′(t)dt
∣∣∣∣∣∣ ≤
b∫
a
|P (x, t)| |f ′′(t)| dt. (2.5)
Therefore, for f ′′ ∈ L∞ [a, b] we obtain
|τ (x;α, β)| ≤ ‖f ′′‖∞
b∫
a
|P (x, t)| dt.
Now let us observe that
b∫
a
|P (x, t)| dt
=
α
2 (α+ β) (x− a)
x∫
a
[
t−
(
a+ h
b− a
2
)]2
dt
+
β
2 (α+ β) (b− x)
b∫
x
[
t−
(
b− h
b− a
2
)]2
dt.
7After simple integration, we get
b∫
a
|P (x, t)| dt
=
1
6 (α+ β)

 αx−a
{[
x−
(
a+ h b−a2
)]3
+
(
h b−a2
)3}
− β
b−x
{(
h b−a2
)3
−
[
x−
(
b− h b−a2
)]3}

 .
Hence the first inequality is obtained.
|τ (x;α, β)|
≤

 αx−a
{[
x−
(
a+ h b−a2
)]3
+
(
h b−a2
)3}
− β
b−x
{(
h b−a2
)3
+
[
x−
(
b− h b−a2
)]3}

 1
6 (α+ β)
‖f ′′‖∞ .
Further, using Ho¨lder’s integral inequality in (2.5) we have for f ′′ ∈ Lp [a, b]
|τ (x;α, β)| ≤ ‖f ′′‖p

 b∫
a
|P (x, t)|
q
dt


1
q
.
where 1
p
+ 1
q
= 1 and p > 1. Now
(α+ β)

 b∫
a
|P (x, t)|
q
dt


1
q
=


αq
2q(x−a)q
x∫
a
[
t−
(
a+ h b−a2
)]2q
dt
+ β
q
2q(b−x)q
b∫
x
[
t−
(
b− h b−a2
)]2q
dt
1
q


1
q
=
[
αq
2q(2q+1)(x−a)q
[
t−
(
a+ h b−a2
)]2q+1
/xa
+ β
q
2q(2q+1)(b−x)q
[
t−
(
b − h b−a2
)]2q
/bx
] 1
q
.
Again, after simple integration, we get
(α+ β)

 b∫
a
|P (x, t)|
q
dt


1
q
=
1
2 (2q + 1)
1
q


αq
(x−a)q
{[
x−
(
a+ h b−a2
)]2q+1
−
(
ha−b2
)2q+1}
+ β
q
(b−x)q
{(
ha−b2
)2q+1
−
[
x−
(
b− h b−a2
)]2q+1}


1
q
.
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Hence the second inequality is obtained as below.
|τ (x;α, β)|
≤
1
2 (2q + 1)
1
q


αq
(x−a)q
{[
x−
(
a+ h b−a2
)]2q+1
−
(
ha−b2
)2q+1}
+ β
q
(b−x)q
{(
ha−b2
)2q+1
−
[
x−
(
b− h b−a2
)]2q+1}


1
q
‖f ′′‖p .
Finally, for f ′′ ∈ L1 [a, b], using (2.1), we have the following inequality from (2.5),
|τ (x;α, β)| ≤ sup
t∈[a,b]
|P (x, t)| ‖f ′′‖1 ,
where
(α+ β) sup
t∈[a,b]
|P (x, t)| =
1
4


α (x− a) + β (b− x)− h (b− a) (α+ β)
+h
2(b−a)
2
[
α
x−a +
β
b−x
]


+
1
4 |β (b− x)− α (x− a) + h (b− a) (α− β)
+h
2(b−a)
2
[
β
b−x −
α
x−a
]
|
This gives us the last inequality as below.
|τ (x;α, β)| ≤


α (x− a) + β (b− x)− h (b− a) (α+ β)
+h
2(b−a)
2
[
α
x−a +
β
b−x
]
+|β (b− x)− α (x− a)
+h (b− a) (α− β) + h
2(b−a)
2
[
β
b−x −
α
x−a
]
|


‖f ′′‖1
4 (α+ β)
.
This completes the proof of theorem. 
Some special cases of Theorem 2
In this section, we will give some useful cases.
Remark 1. If we put h = 0 in (2.4), we get (1.10).
Remark 2. If we put h = 0 in (1.8), we get Cerone’s result given in (1.6).
9Remark 3. If we put h = 1 in (2.4), we get a new result.
|τ (x;α, β)| (2.6)
≤



 αx−a
{
(x−A)
3
+
(
b−a
2
)3}
− β
b−x
{(
b−a
2
)3
+ (x−A)3
}

 1
6(α+β) ‖f
′′‖∞ , f
′′ ∈ L∞ [a, b] ,


1
(x−a)q
{
(x−A)
2q+1
−
(
a−b
2
)2q+1}
+ 1(b−x)q
{(
a−b
2
)2q+1
− (x−A)
2q+1
}


1
q
1
(2q+1)
1
q
1
4 ‖f
′′‖p
, f ′′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,


α (x− a) + β (b− x)− (b − a) (α+ β)
+ b−a2
[
α
x−a +
β
b−x
]
+
|β (b− x)− α (x− a) + (b− a) (α− β)
+ b−a2
[
β
b−x −
α
x−a
]
|


‖f ′′‖
1
4(α+β) , f
′′ ∈ L1 [a, b] ,
where A = a+b2 .
Corollary 1. If we put x = A in above , we get
|τ (A;α, β)| (2.7)
≤


(b−a)2
24
α−β
α+β ‖f
′′‖∞ , f
′′ ∈ L∞ [a, b] ,
[
βq
(b−a)q
(
a−b
2
)2q+1
− α
q
(b−a)q
(
a−b
2
)2q+1] 1q 1
(2q+1)
1
q
1
(α+β) ‖f
′′‖p
, f ′′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,
{(
1− a−b2
)
+
∣∣∣β−αα+β (1− a−b2 )∣∣∣} ‖f ′′‖14 , f ′′ ∈ L1 [a, b] .
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Remark 4. If we put h = 12 in (2.3) and (2.4) we get the following inequality:
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1
2(α+β)
[
α
x−a
(
x− 3a+b4
)2
− β
b−x
(
x− a+3b4
)2]
f ′ (x)
− 1(α+β)
[
α
x−a
(
x− 3a+b4
)
− β
b−x
(
x− a+3b4
)]
f (x)
− 1
α+β
b−a
4
[
α
x−af (a) +
β
b−xf (b)
]
+ 1
α+β
(b−a)2
32
[
β
b−xf
′ (b)− α
x−af
′ (a)
]
+ 1
α+β [αM (f ; a, x) + βM (f ;x, b)]
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(2.8)
≤



 αx−a
{[
x−
(
a+ b−a4
)]3
+
(
b−a
4
)3}
− β
b−x
{(
b−a
4
)3
+
[
x−
(
b− b−a4
)]3}

 ‖f ′′‖∞
6(α+β) , f
′′ ∈ L∞ [a, b] ,

 αq(x−a)q
{[
x−
(
a+ b−a4
)]2q+1
−
(
a−b
4
)2q+1}
+ β
q
(b−x)q
{(
a−b
4
)2q+1
−
[
x−
(
b− b−a4
)]2q+1}


1
q
‖f ′′‖
p
2(2q+1)
1
q (α+β)
, f ′′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,


α (x− a) + β (b− x)− 12 (b− a) (α+ β)
+ (b−a)8
[
α
x−a +
β
b−x
]
+
∣∣∣∣∣
β (b− x)− α (x− a) + 12 (b − a) (α− β)
+ (b−a)8
[
β
b−x −
α
x−a
] ∣∣∣∣∣


‖f ′′‖
1
4(α+β) , f
′′ ∈ L1 [a, b] .
Corollary 2. If we put α = β and x = A in (2.8) we get another result.
| 12f
(
a+b
2
)
+ 14 [f (a) + f (b)]
− b−a32 [f
′ (b)− f ′ (a)]− (b − a)
b∫
a
f(t)dt|
(2.9)
≤


(b−a)2‖f ′′‖
∞
192 , f
′′ ∈ L∞ [a, b] ,
[{
(b− a)
2q+1
− (a− b)
2q+1
}] 1
q ‖f ′′‖
p
16(b−a)2
2. 1
q (2q+1)
1
q
, f ′′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,
(b−a)‖f ′′‖
1
16 , f
′′ ∈ L1 [a, b] .
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Corollary 3. If we put α = β and x = a+3b4 in (2.8) we get another new result.
∣∣∣∣∣∣∣∣∣∣∣
b−a
12 f
′ (x)−
(
1
3 −
2
b−a
)
f (x)− 12
(
1
3f (a) + f (b)
)
+ b−a16
(
f ′ (b)− 13f
′ (a)
)
+ 2
b−a

 1
3
a+3b
4∫
a
f(t)dt+
b∫
a+3b
4
f(t)dt


∣∣∣∣∣∣∣∣∣∣∣
(2.10)
≤


(b−a)2‖f ′′‖
∞
96 , f
′′ ∈ L∞ [a, b] ,
[
1
3q
{(
b−a
2
)2q+1
−
(
a−b
4
)2q+1}
+
(
a−b
4
)2q+1] 1q ‖f ′′‖
p
(b−a)(2q+1)
1
q
, f ′′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,
{
2
3 +
∣∣ b−a
2 −
1
3
∣∣} ‖f ′′‖1
8 , f
′′ ∈ L1 [a, b] .
Hence, for different values of h, we can obtain a variety of results.
Remark 5. We can write (2.3) in another way. Since
αM (f ; a, x) + βM (f ;x, b)
= αM (f ; a, x) +
β
b− x

 b∫
a
f (u)du −
x∫
a
f (u) du

 .
or
αM (f ; a, x) + βM (f ;x, b)
= αM (f ; a, x)−
β
b− x
x∫
a
f (u) du+
β
b− x
b∫
a
f (u) du
= (α+ β − βσ (x))M (f ; a, x) + βσ (x)M (f ; a, b) ,
where
b− a
b− x
= σ (x) . (2.11)
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Thus, from (2.3),
τ (x;α, β) (2.12)
=
1
2(α+β)
[
α
x−a
(
x−
(
a+ h b−a2
))2
− β
b−x
(
x−
(
b− h b−a2
))2]
f ′ (x)
− 1(α+β)
[
α
x−a
(
x−
(
a+ h b−a2
))
− β
b−x
(
x−
(
b− h b−a2
))]
f (x)
−
1
α+ β
h
b− a
2
[
α
x− a
f (a) +
β
b− x
f (b)
]
+
1
α+ β
h2
(b − a)
2
8
[
β
b− x
f ′ (b)−
α
x− a
f ′ (a)
]
+
[(
1−
β
α+ β
σ (x)
)
M (f ; a, x) +
β
α+ β
σ (x)M (f ; a, b)
]
.
so that for fixed [a, b] , M (f ; a, b) is also fixed.
Corollary 4. If (2.3) and (2.4) is evaluated at x = a+b2 and α = β then
| (h− 1) f
(
a+b
2
)
− h2 (f (a) + f (b))
+h2 b−a8 (f
′ (b)− f ′ (a)) + 1
b−a
b∫
a
f (t) dt|
(2.13)
≤


(1− h)
3 (b−a)2
24 ‖f
′′‖∞ , f
′′ ∈ L∞ [a, b] ,

2q
(b−a)q
{(
b−a
2 (1− h)
)2q+1
−
(
ha−b2
)2q+1}
+ 2
q
(b−a)q
{(
ha−b2
)2q+1
−
(
b−a
2 (1− h)
)2q+1}


1
q
‖f ′′‖
p
4(2q+1)
1
q
, f ′′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,
[
(b− a) (1− 2h) + 2h2
] ‖f ′′‖
1
8 , f
′′ ∈ L1 [a, b] .
3. Perturbed Results
In 1882, Cˇebysˆev [4] gave the following inequality.
|T (f, g)| ≤
1
12
(b − a)
2
‖f ′‖∞ ‖g
′‖∞ (3.1)
where f, g : [a, b] → R are absolutely continuous functions, which has bounded
first derivatives such that
T (f, g) =
1
b− a
b∫
a
f (x) g (x) dx (3.2)
−

 1
b− a
b∫
a
f (x) dx



 1
b− a
b∫
a
g (x) dx


= M (f, g; a, b)−M (f ; a, b)M (g; a, b) ,
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and ‖.‖∞ denotes the norm in L∞ [a, b] defined as ‖p‖∞ = ess sup
t∈[a,b]
|P (t)| .
In 1935, Gru¨ss [9] proved the following inequality:∣∣∣∣∣∣
1
b− a
b∫
a
f (x) g (x) dx−
1
b− a
b∫
a
f (x) dx
1
b − a
b∫
a
g (x) dx
∣∣∣∣∣∣ (3.3)
≤
1
4
(Φ− ϕ) (Γ− γ) ,
provided that f and g are two integrable functions on [a, b] and satisfy the condition:
ϕ ≤ f (x) ≤ Φ and γ ≤ g (x) ≤ Γ, for all x ∈ [a, b] . (3.4)
The constant 14 is best possible. The perturbed version of the results of Theorem
2 can be obtained by using Gru¨ss type results involving the Cˇebysˆev functional.
T (f, g) =M (f, g; a, b)−M (f ; a, b)M (g; a, b) ,
where M is the integral mean and is defined in (1.2).
Theorem 3. Let f : [a, b]→ R be an absolutely continuous mapping and α, β are
non-negative real numbers, then∣∣∣∣∣∣τ (x;α, β)−
1
(α+ β)

 αx−a
{[
x−
(
a+ h b−a2
)]3
+
(
h b−a2
)3}
− β
b−x
{(
h b−a2
)3
+
[
x−
(
b− h b−a2
)]3}

 κ
6
∣∣∣∣∣∣(3.5)
≤ (b− a)N (x)
[
1
b− a
‖f ′′‖
2
2 − κ
2
] 1
2
≤ (b− a) (Γ− γ)λ,
where, τ (x;α, β) is as given by (2.3) and λ = Φ− ϕ. Let
κ =
f ′(b)− f ′(a)
b− a
(3.6)
then
N2 (x) =
1
20 (α+ β)
2


α2
(x−a)2
[(
x−
(
a+ h b−a2
))5
+
(
h b−a2
)5]
+ β
2
(b−x)2
[(
h b−a2
)5
−
(
x−
(
b− h b−a2
))5]

 (3.7)
−

 1
6 (b− a) (α+ β)

 αx−a
{[
x−
(
a+ h b−a2
)]3
+
(
h b−a2
)3}
− β
b−x
{(
h b−a2
)3
+
[
x−
(
b− h b−a2
)]3}




2
Proof. Associating f (t) with P (x, t) and g (t) with f ′′(t), then from (2.1) and (3.2),
we obtain
T (P (x, .) , f ′′(.); a, b) =M (P (x, .) , f ′′(.); a, b)−M (P (x, .) ; a, b)M (f ′′(.); a, b)
Now using identity (2.2),
(b− a)T (P (x, .) , f ′′(.); a, b) = τ (x;α, β)− (b− a)M (P (x, .) ; a, b)κ (3.8)
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where κ is the secant slope of f ′ over [a, b], as given in (3.6). Now, from (2.2) and
(3.2),
(b− a)M (P (x, .) ; a, b) (3.9)
=
b∫
a
P (x, t)dt
=
α
2 (α+ β) (x− a)
x∫
a
[
t−
(
a+ h
b− a
2
)]2
dt
+
β
2 (α+ β) (b− x)
b∫
x
[
t−
(
b− h
b− a
2
)]2
dt
=
1
6 (α+ β)

 αx−a
{[
x−
(
a+ h b−a2
)]3
+
(
h b−a2
)3}
− β
b−x
{(
h b−a2
)3
+
[
x−
(
b − h b−a2
)]3}


Now combining (3.9) with (3.7) the left hand side of (3.5) is obtained.
Let f, g : [a, b]→ R and fg : [a, b]→ R be integrable on [a, b] , then [1]
|T (f, g)| ≤ T
1
2 (f, f)T
1
2 (g, g) (f, g ∈ L2 [a, b]) (3.10)
≤
(Γ− γ)
2
T
1
2 (f, f) (γ ≤ g (x) ≤ Γ, t ∈ [a, b])
≤
1
4
(Φ− ϕ) (Γ− γ) (ϕ ≤ f (x) ≤ Φ, t ∈ [a, b]) .
Also, note that
0 ≤ T
1
2 (f ′′(.), f ′′(.)) (3.11)
=
[
M
(
f ′′(.)2; a, b
)
−M2 (f ′′(.); a, b)
] 1
2
=

 1b− a
b∫
a
‖f ′′ (t)‖
2
dt−


b∫
a
f ′′ (t) dt
b − a


2

1
2
=
[
1
b− a
‖f ′′‖
2
2 − κ
2
] 1
2
≤
(Γ− γ)
2
where γ ≤ f ′′ (t) ≤ Γ, t ∈ [a, b] . Now, for the bounds on (3.8), we have to determine
T
1
2 (P (x, .) , P (x, .)) and ϕ ≤ P (x, .) ≤ Φ from (3.10) and (3.11).
Now from (2.1), the definition of P (x, t), we have
T (P (x, .) , P (x, .)) = M
(
P 2 (x, .) ; a, b
)
−M2 (P (x, .) ; a, b) . (3.12)
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From (3.10) we obtain
M (P (x, .) ; a, b)
=
1
6 (α+ β)

 αx−a
{[
x−
(
a+ h b−a2
)]3
+
(
h b−a2
)3}
− β
b−x
{(
h b−a2
)3
+
[
x−
(
b − h b−a2
)]3}


and
(b− a)M
(
P 2 (x, .) ; a, b
)
=
(
α
α+ β
)2
1
4 (x− a)
2
x∫
a
[
t−
(
a+ h
b− a
2
)]4
dt
+
(
β
α+ β
)2
1
4 (b− x)
2
b∫
x
[
t−
(
b− h
b− a
2
)]4
dt
=
(
α
α+ β
)2
1
20 (x− a)2
[(
x−
(
a+ h
b− a
2
))5
+
(
h
b− a
2
)5]
+
(
β
α+ β
)2
1
20 (b − x)
2
[(
h
b− a
2
)5
−
(
x−
(
b− h
b− a
2
))5]
=
1
20 (α+ β)
2


α2
(x−a)2
[(
x−
(
a+ h b−a2
))5
+
(
h b−a2
)5]
+ β
2
(b−x)2
[(
h b−a2
)5
−
(
x−
(
b− h b−a2
))5]


Thus, substituting the above results into (3.12) gives
0 ≤ N (x) = T
1
2 (P (x, .) , P (x, .))
which is given explicitly by (3.7). Combining (3.8), (3.12) and (3.11) give from the
first inequality in (3.10), the first inequality in (3.5). Now utilizing the inequality
in (3.11) produces the second result in (3.5). Further, it may be noticed from the
definition of P (x, t) in (2.1) that for α, β ≥ 0, give
Φ = sup
t∈[a,b]
P (x, t)
=
1
4 (α+ β)


α (x− a) + β (b− x) − h (b− a) (α+ β)
+h
2(b−a)
2
[
α
x−a +
β
b−x
]
+
∣∣∣∣∣
β (b − x)− α (x− a) + h (b− a) (α− β)
+h
2(b−a)
2
[
β
b−x −
α
x−a
] ∣∣∣∣∣


ϕ = inf
t∈[a,b]
P (x, t)
=
h2 (b− a)
2
8 (α+ β)
{
α
x− a
+
β
b− x
−
∣∣∣∣ αx− a − βb− x
∣∣∣∣
}
where Φ− ϕ = λ. 
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4. An Application to the Cumulative Distribution Function
Let X ∈ [a, b] be a random variable with the cumulative distributive function
F (x) = Pr (X ≤ x) =
x∫
a
f (u)du,
where f is the probability density function. In particular,
b∫
a
f (u)du = 1.
The following theorem holds.
Theorem 4. Let X and F be as above, then
| 12
[
α (b− x)
(
x−
(
a+ h b−a2
))2
− β (x− a)
(
x−
(
b− h b−a2
))2]
f ′ (x)
−
[
α (b− x)
(
x−
(
a+ h b−a2
))
− β (x− a)
(
x−
(
b− h b−a2
))]
f (x)
−h b−a2 [α (b − x) f (a) + β (x− a) f (b)]
+h2 (b−a)
2
8 [β (x− a) f
′ (b)− α (b− x) f ′ (a)]
+ [α (b− x)− β (x− a)]F (x) + β (x− a) |
(4.1)
≤


‖f ′′‖
∞
6

 α (b− x)
{[
x−
(
a+ h b−a2
)]3
+
(
h b−a2
)3}
−β (x− a)
{(
h b−a2
)3
+
[
x−
(
b− h b−a2
)]3}

 , f ′′ ∈ L∞ [a, b] ,
(b−x)(x−a)‖f ′′‖
p
2(2q+1)
1
q


αq
(x−a)q
{[
x−
(
a+ h b−a2
)]2q+1
−
(
ha−b2
)2q+1}
+ β
q
(b−x)q
{(
ha−b2
)2q+1
−
[
x−
(
b− h b−a2
)]2q+1}


1
q
, , f ′′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,
(b−x)(x−a)‖f ′′‖
1
4


α (x− a) + β (b− x)− h (b− a) (α+ β)
+h
2(b−a)
2
[
α
x−a +
β
b−x
]
+
∣∣∣∣∣
β (b− x)− α (x− a) + h (b− a) (α− β)
+h
2(b−a)
2
[
β
b−x −
α
x−a
] ∣∣∣∣∣


, f ′′ ∈ L1 [a, b] .
.
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Proof. From (2.3) , and by using the definition of Probability Density Function, we
have
τ (x;α, β) : =
1
2 (α+ β)
[
α
x− a
(
x−
(
a+ h
b− a
2
))2
−
β
b− x
(
x−
(
b− h
b− a
2
))2]
f ′ (x)
−
1
(α+ β)
[
α
x− a
(
x−
(
a+ h
b− a
2
))
−
β
b− x
(
x−
(
b− h
b− a
2
))]
f (x)
−
1
α+ β
h
b− a
2
[
α
x− a
f (a) +
β
b − x
f (b)
]
+
1
α+ β
h2
(b− a)
2
8
[
β
b − x
f ′ (b)−
α
x− a
f ′ (a)
]
+
1
α+ β
[αM (f ; a, x) + βM (f ;x, b)] ,
=
1
2 (α+ β)
[
α
x− a
(
x−
(
a+ h
b− a
2
))2
−
β
b− x
(
x−
(
b− h
b− a
2
))2]
f ′ (x)
−
1
(α+ β)
[
α
x− a
(
x−
(
a+ h
b− a
2
))
−
β
b− x
(
x−
(
b− h
b− a
2
))]
f (x)
−
1
α+ β
h
b− a
2
[
α
x− a
f (a) +
β
b − x
f (b)
]
+
1
α+ β
h2
(b− a)2
8
[
β
b − x
f ′ (b)−
α
x− a
f ′ (a)
]
+
1
α+ β
{[
α (b − x)− β (x− a)
(x− a) (b − x)
]
F (x) +
β
(b − x)
}
or
(α+ β) (x− a) (b− x) τ (x;α, β) (4.2)
=
1
2
[
α (b− x)
(
x−
(
a+ h b−a2
))2
−β (x− a)
(
x−
(
b− h b−a2
))2
]
f ′ (x)
−
[
α (b− x)
(
x−
(
a+ h b−a2
))
−β (x− a)
(
x−
(
b − h b−a2
)) ] f (x)
−h
b− a
2
[α (b− x) f (a) + β (x− a) f (b)]
+h2
(b− a)
2
8
[β (x− a) f ′ (b)− α (b− x) f ′ (a)]
+ [α (b− x)− β (x− a)]F (x) + β (x− a)
Now using (2.4) and (4.2), we get our required result (4.1). 
Putting α = β = 12 in Theorem 5 gives the following result.
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Corollary 5. Let X be a random variable, F (x) cumulative distributive function
and f is a probability density function. Then
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[
(b− x)
(
x−
(
a+ h b−a2
))2
− (x− a)
(
x−
(
b− h b−a2
))2]
f ′ (x)
− 12
[
(b− x)
(
x−
(
a+ h b−a2
))
− (x− a)
(
x−
(
b− h b−a2
))]
f (x)
−h b−a4 [(b− x) f (a) + (x− a) f (b)]
+h2 (b−a)
2
16 [(x− a) f
′ (b)− (b− x) f ′ (a)]
+ 12 [(b− x) − (x− a)]F (x) +
1
2 (x− a) |
(4.3)
≤



 (b− x)
{[
x−
(
a+ h b−a2
)]3
+
(
h b−a2
)3}
− (x− a)
{(
h b−a2
)3
+
[
x−
(
b− h b−a2
)]3}

 ‖f ′′‖∞
12 , f
′′ ∈ L∞ [a, b] ,


1
(x−a)q
{[
x−
(
a+ h b−a2
)]2q+1
−
(
ha−b2
)2q+1}
+ 1(b−x)q
{(
ha−b2
)2q+1
−
[
x−
(
b − h b−a2
)]2q+1}


1
q
(b−x)(x−a)
4(2q+1)
1
q
‖f ′′‖p
, f ′′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,


1
2 (b− a)− h (b− a) +
h2(b−a)
4
[
1
x−a +
1
b−x
]
+
∣∣∣12 (a+ b− 2x) + h2(b−a)4 [ 1b−x − 1x−a]∣∣∣

 (b−x)(x−a)‖f
′′‖
1
4
, f ′′ ∈ L1 [a, b] .
Remark 6. The above result allow the approximation of F (x) in terms of f (x).
The approximation of
R (x) = 1− F (x)
could also be obtained by a simple substitution. R (x) is of importance in reliability
theory where f (x) is the probability density function of failure.
Remark 7. We put β = 0 in (4.1), assuming that α 6= 0 to obtain∣∣∣∣∣∣∣ α (b− x)


1
2
[(
x−
(
a+ h b−a2
))2]
f ′ (x)
−
[(
x−
(
a+ h b−a2
))]
f (x)
−h b−a2 f (a)− h
2 (b−a)
2
8 [f
′ (a)] + F (x)


∣∣∣∣∣∣∣ (4.4)
≤


[
α (b− x)
{[
x−
(
a+ h b−a2
)]3
+
(
h b−a2
)3}] ‖f ′′‖
∞
6 , f
′′ ∈ L∞ [a, b] ,
[
αq
(x−a)q
{[
x−
(
a+ h b−a2
)]2q+1
−
(
ha−b2
)2q+1}] 1q (b−x)(x−a)‖f ′′‖
p
2(2q+1)
1
q
, f ′′ ∈ Lp [a, b] , p > 1,
1
p
+ 1
q
= 1,

 α (x− a)− hα (b− a) + h2(b−a)2
(
α
x−a
)
+
∣∣∣−α (x− a) + hα (b− a)− h2(b−a)2 ( αx−a)∣∣∣

 (b−x)(x−a)‖f ′′‖1
4
, f ′′ ∈ L1 [a, b] .
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We may replace f by F in any of the equations (4.1),(4.3)and (4.4) so that the
bounds are in terms of ‖f ′′‖p , p ≥ 1. Further we note that
b∫
a
F (u)du = uF (u)|
b
a −
b∫
a
xf (x) dx = b− E (X) .
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